Abstract. Schur studied limits of the arithmetic means A n of zeros for polynomials of degree n with integer coe‰cients and simple zeros in the closed unit disk. If the leading coe‰cients are bounded, Schur proved that lim su n!y p jA n j e 1 À ffiffi ffi e p =2. We show that A n ! 0, and estimate the rate of convergence by generalizing the Erdős-Turán theorem on the distribution of zeros. As an application, we show that integer polynomials have some unexpected restrictions of growth on the unit disk.
Schur's problems on means of algebraic numbers
Let E be a subset of the complex plane C. Consider the set of polynomials Z n ðEÞ of the exact degree n with integer coe‰cients and all zeros in E. We denote the subset of Z n ðEÞ with simple zeros by Z s n ðEÞ. Given M > 0, we write P n ¼ a n z n þ Á Á Á A Z s n ðE; MÞ if ja n j e M and P n A Z s n ðEÞ (respectively P n A Z n ðE; MÞ if ja n j e M and P n A Z n ðEÞ). Schur [46] , §4-8, studied the limit behavior of the arithmetic means of zeros for polynomials from Z s n ðE; MÞ as n ! y, where M > 0 is an arbitrary fixed number. His results may be summarized in the following statements. Let R þ :¼ ½0; yÞ, where R is the real line.
Theorem A (Schur [46] , Satz IX). Given a polynomial P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ, define the arithmetic mean of squares of its zeros by S n :¼ P n k¼1 a 2 k; n =n. If P n A Z s n ðR; MÞ is any sequence of polynomials with degrees n ! y, then lim inf n!y S n f ffiffi ffi e p > 1:6487: ð1:1Þ Theorem B (Schur [46] , Satz XI). For a polynomial P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ, define the arithmetic mean of its zeros by A n :¼ P n k¼1 a k; n =n. If P n A Z Theorem C (Schur [46] , Satz XIII). If P n A Z s n ðD; MÞ is any sequence of pppp polynomials with degrees n ! y, then lim su n!y p jA n j e 1 À ffiffi ffi e p =2 < 0:1757: ð1:3Þ Schur remarked that the lim sup in (1.3) is equal to 0 for monic polynomials from Z n ðDÞ by Kronecker's theorem [24] . We prove that lim n!y A n ¼ 0 for any sequence of polynomials from Schur's class Z s n ðD; MÞ, n A N. This result is obtained as a consequence of the asymptotic equidistribution of zeros near the unit circle. Namely, if fa k; n g n k¼1 are the zeros of P n , we define the zero counting measure In fact, Theorem 1.1 is a simple consequence of more general results from Section 2. Ideas on the equidistribution of zeros date back to the work of Jentzsch [22] on the asymptotic zero distribution of the partial sums of a power series, and its generalization by Szegő [53] . They were developed further by Erdős and Turán [14] , and many others, see Andrievskii and Blatt [4] for history and additional references. More recently, this topic received renewed attention in number theory, e.g. in the work of Bilu [6] , Bombieri [7] and Rumely [43] .
Theorems A and B were developed in the following directions. If P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ is irreducible over integers, then fa k; n g n k¼1 is called a complete set of conjugate algebraic numbers of degree n. When a n ¼ 1, we refer to fa k; n g n k¼1 as algebraic integers. If a ¼ a 1; n is one of the conjugates, then the sum of fa k; n g n k¼1 is also called the trace trðaÞ of a over Q. Siegel [47] improved Theorem B for totally positive algebraic integers to lim inf
by using an ingenious refinement of the arithmetic-geometric means inequality that involves the discriminant of a k; n . Smyth [50] introduced a numerical method of ''auxiliary polynomials,'' which produced a series of subsequent improvements of the above lower bound. The original papers [49] , [50] contain the bound 1:7719. The most recent results include bounds 1:780022 by Aguirre, Bilbao, and Peral [2] , 1:784109 by Aguirre and Peral [1] , and 1:78702 by Flammang. Thus the Schur-Siegel-Smyth trace problem is to find the smallest limit point l for the set of values of mean traces A n for all totally positive and real algebraic integers. It was observed by Schur [46] (see also Siegel [47] ), that l e 2. This immediately follows from the fact that, for any odd prime p, the totally positive algebraic integer 4 cos 2 ðp=pÞ has degree ðp À 1Þ=2 and trace p À 2. The Schur-Siegel-Smyth trace problem is probably the best known unsolved problem originated in [46] . It is connected with other extremal problems for polynomials with integer coe‰cients, such as the integer Chebyshev problem, see Borwein and Erdélyi [9] , Borwein [8] , Flammang, Rhin, and Smyth [17] , Pritsker [33] , Aguirre and Peral [1] , and Smyth [51] . Other developments on Schur's problems for the means of algebraic numbers may be found in the papers by Dinghas [10] and Hunter [21] . Although we are not able to provide a complete solution to the Schur-Siegel-Smyth trace problem by finding the smallest values of lim inf in Theorems A and B, we give the sharp lower bound (namely 2) in certain important special cases. Our results are based again on the limiting distribution of algebraic numbers in subsets of the real line, see Section 2.
Section 3 is devoted to the quantitative aspects of convergence t n ! Ã m D as n ! y. We prove a new version (and generalization) of the Erdős-Turán theorem on equidistribution of zeros near the unit circle, and near more general sets. This gives estimates of convergence rates for A n and S n in Schur's problems. Furthermore, we obtain some unexpected estimates on the growth of polynomials with integer coe‰cients as an application.
All proofs are given in Section 4.
Asymptotic distribution of algebraic numbers
We consider asymptotic zero distributions for polynomials with integer coe‰cients that have su‰ciently small norms on compact sets. Asymptotic zero distribution of polynomials is a classical area of analysis with long history that started with papers of Jentzsch [22] and Szegő [53] , see [4] for more complete bibliography. Most of the results developed in analysis use the supremum norms of polynomials. However, the use of the supremum norm even for Schur's problem on the unit disk represents an immediate di‰culty, as we have no suitable estimates for polynomials from the class Z s n ðD; MÞ. A better way to measure the size of an integer polynomial on the unit disk is given by the Mahler measure, which is also known as the L 0 norm or the geometric mean. The Mahler measure of a polynomial P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ, a n 3 0, is defined by 
maxð1; ja k; n jÞ:
It is immediate to see now that MðP n Þ ¼ ja n j e M for any P n A Z n ðD; MÞ, which illustrates usefulness and convenience of the Mahler measure for our purposes. Ideas connecting the Mahler measure and distribution of algebraic numbers are very basic to the area, and they previously appeared in various forms in many papers. Without trying to present a comprehensive survey, we mention results on the lower bounds for the Mahler measure by Schinzel [45] , Langevin [27] , [28] , [29] , Mignotte [30] , Rhin and Smyth [38] , Dubickas and Smyth [11] , and the recent survey of Smyth [52] . The asymptotic distribution of algebraic numbers near the unit circle was considered by Bilu [6] (see also Bombieri [7] ) in terms of the absolute logarithmic height. His results were generalized to compact sets of capacity 1 by Rumely [43] . We proceed to a similar generalization, but use a somewhat di¤erent notion of the generalized Mahler measure to obtain an ''if and only if'' theorem on the equidistribution of algebraic numbers near arbitrary compact sets in the plane. Our proofs follow standard potential theoretic arguments, and are relatively simple and short.
Consider an arbitrary compact set E H C. As a normalization for its size, we assume that capacity capðEÞ ¼ 1, see [54] , p. 55. In particular, capðDÞ ¼ 1 and the capacity of a segment is equal to one quarter of its length [54] , p. 84. Examples of sets of capacity one on the real line are given by the segments ½À2; 2 and ½0; 4. Let m E be the equilibrium measure of E [54], p. 55, which is a unique probability measure expressing the steady state distribution of charge on the conductor E. Note that m E is supported on the boundary of the unbounded connected component W E of CnE by [54] ðz À a k; n Þ, a n 3 0, on an arbitrary compact set E of capacity 1, is given by
If no a k; n A W E then we assume that the above (empty) sum is equal to zero. In the sequel, any empty sum is equal to 0, and any empty product is equal to 1 by definition.
We are now ready to state the main equidistribution result.
Theorem 2.1. Let P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ, degðP n Þ ¼ n A N, be a sequence of polynomials with integer coe‰cients and simple zeros. Suppose that E H C is a compact set of capacity 1. We have 
Remark. Our proof shows that for E ¼ D one can replace (ii) in (2.2) by the condition: There exists R > 1 such that
In the direction (2.1) ) (2.2)(iii), our result essentially reduces to that of Bilu [6] for the unit disk, and to the result of Rumely [43] for general compact sets. Indeed, if P n is the minimal (irreducible) polynomial for the complete set of conjugate algebraic numbers fa k; n g n k¼1 , then the logarithmic height hða n Þ ¼ 1=n log MðP n Þ by [26] , p. 54. Hence (2.1) gives that hða n Þ ! 0, which is a condition used by Bilu [6] . The converse direction (2.2) ) (2.1) seems to be new even in the unit disk case. Clearly, Theorem 1.1 is a simple consequence of Theorem 2.1.
When the leading coe‰cients of polynomials are bounded, and all zeros are located in E, as assumed by Schur, then we can allow certain multiple zeros. Define the multiplicity of an irreducible factor Q (with integer coe‰cients) of P n as an integer m n f 0 such that Q m n divides P n , but Q m n þ1 does not divide P n . If a factor Q occurs infinitely often in a sequence P n , n A N, then m n ¼ oðnÞ means lim n!y m n =n ¼ 0. If Q is present only in finitely many P n , then m n ¼ oðnÞ by definition. We note that any infinite sequence of distinct factors Q k of polynomials P n A Z n ðE; MÞ must satisfy degðQ k Þ ! y as k ! y. Indeed, if the degrees of Q k are uniformly bounded, then Viète's formulas expressing coe‰cients through the symmetric functions of zeros lead to a uniform bound on all coe‰cients, where we also use the uniform bounds on the leading coe‰cients and all zeros for P n A Z n ðE; MÞ. This means that we may only have finitely many such factors Q k of bounded degree.
Theorem 2.2. Let E H C be a compact set of capacity 1. Assume that P n A Z n ðE; MÞ, n A N. If every irreducible factor in the sequence of polynomials P n has multiplicity oðnÞ, then t n ! Ã m E as n ! y.
We state a simple corollary that includes a solution of Schur's problem for the unit disk, cf. Theorem C. This result was announced in [35] , together with special cases of other results from this section stated for the unit disk.
We also show that the uniform norms
have at most subexponential growth on regular sets E, under the assumptions of Theorem 2.1. Regularity is understood here in the sense of the Dirichlet problem for W E , which means that the limiting boundary values of g E ðz; yÞ are all zero, see [54] , p. 82.
Theorem 2.4. Let E H C be a regular compact set of capacity 1. If P n , degðP n Þ ¼ n A N, is a sequence of polynomials with integer coe‰cients and simple zeros, then
This result is somewhat unexpected, as we have no direct control of the supremum norm or coe‰cients (except for the leading one). For example, P n ðzÞ ¼ ðz À 1Þ n has the norm kP n k D ¼ 2 n , but MðP n Þ ¼ 1. Theorem 2.4 also indicates close connections with the results on the asymptotic zero distribution developed in analysis, see [4] for many references, where use of the supremum norm is standard. Another easy example E ¼ D W fz ¼ 2g and P n ðzÞ ¼ z n À 1, n f 2, shows that the regularity assumption cannot be dropped. Indeed, we have kP n k E ¼ 2 n À 1 but M E ðP n Þ ¼ 1 in this case (observe the single irregular point z ¼ 2).
We now turn to algebraic numbers on the real line, see Theorems A and B. Combining Theorem 2.1 with the results of Baernstein, Laugesen and Pritsker [5] , we obtain sharp lower bounds in the following special cases of Schur's problems on the means of totally real and totally positive algebraic numbers: Corollary 2.5. Let P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ A Z s n ðRÞ, degðP n Þ ¼ n A N, be a sequence of polynomials, and let f : R ! R þ be convex. Suppose that E H R is a compact set of capacity 1 symmetric about the origin. If lim
In particular,
The latter inequality should be compared with Theorem A. Note that the bound 2 is asymptotically attained by the zeros of the Chebyshev polynomials t n ðxÞ :¼ 2 cos À n arccosðx=2Þ Á for the segment ½À2; 2, which are the monic polynomials of smallest supremum norm on ½À2; 2. It is known that these polynomials have integer coe‰cients, and that t n ðxÞ=x are irreducible for any odd prime n ¼ p, cf. [46] and [39] , p. 228.
We next state the corresponding result for the totally positive case (Schur-SiegelSmyth trace problem). Corollary 2.6. Let P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ A Z s n ðR þ Þ, degðP n Þ ¼ n A N, be a sequence of polynomials. Suppose that E H R þ is a compact set of capacity 1. We also assume that
Setting fðxÞ ¼ x m , m A N, we obtain lim inf
Thus the limit of the arithmetic means A n under the assumptions of Corollary 2.6 is equal to the optimal bound 2, cf. Theorem B. A possible application for both Corollaries 2.5 and 2.6 is the case when E satisfies the corresponding assumptions, and P n A Z 
Rate of convergence and discrepancy in equidistribution
We now consider the quantitative aspects of the convergence t n ! Ã m E , starting with the case E ¼ D. As an application, we obtain estimates of the convergence rate for A n to 0 in Schur's problem for the unit disk. A classical quantitative result on the distribution of zeros near the unit circle is due to Erdős and Turán [14] . For P n ðzÞ ¼ P n k¼0 a k z k with a k A C, let
Þ be the number of zeros in the sector fz A C : 0 e f 1 e argðzÞ e f 2 < 2pg, where
Erdős and Turán [14] proved that
ð3:1Þ
The constant 16 was improved by Ganelius [18] , and kP n k D was replaced by weaker integral norms by Amoroso and Mignotte [3] , see [4] for more history and references. Our main di‰culty in applying (3.1) to Schur's problem is absence of an e¤ective estimate for kP n k D , P n A Z s n ðD; MÞ. We prove a new ''discrepancy'' estimate via energy considerations from potential theory. These ideas originated in part in the work of Kleiner [23] , and were developed by Sjö gren [48] and Huesing [20] , see [4] , Chapter 5.
Theorem 3.1. Let f : C ! R satisfy jfðzÞ À fðtÞj e Ajz À tj, z; t A C, and suppðfÞ H fz : jzj e Rg:
If P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ, a n 3 0, is a polynomial with integer coe‰cients and simple zeros, then
This theorem is related to the recent results of Favre and Rivera-Letelier [15] , obtained in terms of adelic heights on the projective line (see Theorem 5 in the original paper, and note corrections in the Corrigendum). An earlier result of Petsche [31] , stated in terms of the Weil height, contains a weaker estimate than (3.2). Our approach gives a result for arbitrary polynomials with simple zeros, and for any continuous f with the finite Dirichlet
Moreover, it is extended in Theorem 4.3 to more general sets of logarithmic capacity 1, e.g. to ½À2; 2. These results have a number of applications to the problems on integer polynomials considered in [8] .
Choosing f appropriately, we obtain an estimate of the means A n in Schur's problem for the unit disk. Observe that (2.
We are passing to sets on the real line and totally real algebraic numbers. It is certainly possible to consider quite general sets in the plane from the viewpoint of potential theoretic methods, see Theorem 4.3. However, we restrict ourselves to the sets that are most interesting in number theory. This also helps to avoid certain unnecessary technical di‰culties.
Suppose that f : C ! R satisfies jfðzÞ À fðtÞj e Ajz À tj, z; t A C, and suppðfÞ H fz : jz À ða þ 2Þj e Rg. If P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ; a n 3 0;
is a polynomial with integer coe‰cients and simple zeros, then
One should compare this result with a classical discrepancy theorem of Erdős and Turán [13] for the segment ½À1; 1, and more recent work surveyed in [4] . Recall that g ½a; b ðz; yÞ ¼ logjz À ða þ bÞ=2 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ðz À aÞðz À bÞ p j À log 2, z A Cn½a; b, b À a ¼ 4, and
We state consequences of Theorem 3.4 for the means of algebraic numbers, and for the growth of the supremum norms of polynomials with integer coe‰cients on segments. It is an interesting question whether the rates in terms of n can be improved in the results of this section. Erdős and Turán [14] constructed an example that shows (3.1) gives a correct rate in their setting, but that example is based on a sequence of polynomials with multiple zeros. After the original version of this paper was written, the author was able to show that Corollaries 3.2 and 3.3 are sharp up to the logarithmic factors. Constructed examples are based on products of cyclotomic polynomials, see [36] , Example 2.8. However, it is plausible that our rates can be substantially improved for the sequences of irreducible polynomials.
Proofs
We start with a brief review of basic facts from potential theory. A complete account may be found in the books by Ransford [37] , Tsuji [54] , and Landkof [25] . For a Borel measure m with compact support, define its potential by
see [54] , p. 53. It is known that U m ðzÞ is a superharmonic function in C, which is harmonic outside suppðmÞ. We shall often use the identity logjP n ðzÞj ¼ logja n j À nU t n ðzÞ;
where P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ and t n ¼ 1 n This gives a standard extension of g E ðz; yÞ from W E to the whole plane C, see [54] , p. 82. Thus g E ðz; yÞ ¼ 0 for quasi every z A qW E , and g E ðz; yÞ ¼ 0 for any z A CnW E , by (4.1) and (4.2). For a polynomial P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ, we may define a slightly di¤erent generalization of the Mahler measure bỹ
g E ða k; n ; yÞ: ð4:4Þ
Since g E ðz; yÞ f 0, z A C, it follows immediately that M E ðP n Þ eM M E ðP n Þ: ð4:5Þ Furthermore, we have equality in (4.5) for regular sets E because g E ðz; yÞ ¼ 0, z A CnW E .
Proofs for Sections 1 and 2.
Proof of Theorem 1.1. This result follows immediately from Theorem 2.1, as MðP n Þ ¼ ja n j e M for P n A Z s n ðD; MÞ, and (2.1) is satisfied. r Proof of Theorem 2.1. We first prove that (2.1) implies (2.2). Since ja n j f 1 and g E ða k; n ; yÞ > 0, a k; n A W E , equation (2.2)(i) is a consequence of (2.1) and the definition of M E ðP n Þ. Suppose that R > 0 is su‰ciently large, so that E H D R :¼ fz : jzj < Rg. Then we have that 0 e 1 n P ja k; n jfR g E ða k; n ; yÞ e 1 n log M E ðP n Þ ! 0 as n ! y:
Hence lim n!y 1 n P ja k; n jfR g E ða k; n ; yÞ ¼ 0:
Recall that lim z!y À g E ðz; yÞ À logjzj Á ¼ Àlog capðEÞ ¼ 0, see [54] , p. 83. It follows that for any e > 0, there is a su‰ciently large R > 0 such that Àe < logjzj À g E ðz; yÞ < e for jzj f R, and
Àe e lim n!y 1 n P ja k; n jfR logja k; n j e e:
Therefore, (2.2)(ii) is proved. In order to show that (2.2)(iii) holds, we first deduce that each closed set K H W E has oðnÞ zeros of P n as n ! y, i.e. g E ða k; n ; yÞ e 1 n log M E ðP n Þ ! 0 as n ! y:
Thus if R > 0 is su‰ciently large, so that E H D R , we have oðnÞ zeros of P n in CnD R . Considert
Since suppðt t n Þ H D R , n A N, we use Helly's theorem (cf. [44] , p. 3) to select a weakly convergent subsequence from the sequencet t n . Preserving the same notation for this subsequence, we assume thatt t n ! Ã t as n ! y. It is clear from (4.6) that t n ! Ã t as n ! y, and that t is a probability measure supported on the compact setÊ E :¼ CnW E .
Let DðP n Þ ¼ a 2nÀ2 n À V ðP n Þ Á 2 be the discriminant of P n , where
is the Vandermonde determinant. Since P n has integer coe‰cients, DðP n Þ is an integer, see [32] , p. 24. As P n has simple roots, we obtain that DðP n Þ 3 0 and jDðP n Þj f 1. It follows from (2. Suppose that R > 0 is large, and order a k; n as follows: ja 1; n j e ja 2; n j e Á Á Á e ja m n ; n j < R e ja m n þ1; n j e Á Á Á e ja n; n j:
ðz À a k; n Þ, so that V ðP P n Þ ¼ Q 1e j<kem n ða j; n À a k; n Þ. Hence
1e j<k m n <ken ja j; n À a k; n j 2 e jV ðP P n Þj 2 Q m n <ken ð2ja k; n jÞ where we used that ja j; n À a k; n j e 2 maxðja j; n j; ja k; n jÞ. Note that lim n!y m n =n ¼ 1. For any e > 0, we find R > 0 such that lim su
by (2.2)(ii). Thus we obtain from (4.8), (4.7) and the above estimate that lim inf
We now follow a standard potential theoretic argument to show that t ¼ m E . Let K M ðz; tÞ :¼ minðÀlogjz À tj; MÞ. It is clear that K M ðz; tÞ is a continuous function in z and t on C Â C, and that K M ðz; tÞ increases to Àlogjz À tj as M ! y. Using the Monotone Convergence Theorem and the weak* convergence oft t n Ât t n to t Â t, we obtain for the energy of t that
where (4.9) was used in the last estimate. Since e > 0 is arbitrary, we conclude that I ½t e 0. Recall that suppðtÞ HÊ E ¼ CnW E , where capðÊ EÞ ¼ capðEÞ ¼ 1 and mÊ E ¼ m E by [54] , pp. 79-80. Note also that I ½n > 0 for any probability measure n 3 mÊ E , suppðnÞ HÊ E, see [54] , pp. 79-80. Hence t ¼ mÊ E ¼ m E and (2.2)(iii) follows:
Let us turn to the converse statement (2.2) ) (2.1). As in the first part of the proof, we note that lim
For any e > 0, we choose R > 0 so large that E H D R and g E ðz; yÞ À logjzj < e when jzj f R. Thus we have from (2.2)(iii) that 1 n P ja k; n jfR g E ða k; n ; yÞ e 1 n P ja k; n jfR logja k; n j þ oðnÞ n e:
Increasing R if necessary, we can achieve that 1 n P ja k; n jfR logja k; n j < e; by (2.2)(ii), which implies that lim su n!y p 1 n P ja k; n jfR g E ða k; n ; yÞ e e: ð4:10Þ
On setting g E ðz; yÞ ¼ ÀU m E ðzÞ, z A C, we continue g E ðz; yÞ as a subharmonic function in C. Since g E ðz; yÞ is now upper semi-continuous in C, we obtain from (2.2)(iii) and [44] 
where the last equality follows as the energy I ½m E ¼ Àlog capðEÞ ¼ 0, see [54] , p. 55.
Observe from the definition of M E ðP n Þ, (4.4)-(4.5) and (2.2)(i) that 0 e lim su
g E ða k; n ; yÞ:
Combining this estimate with (4.10) and (4.11), we arrive at 0 e lim su
We now let e ! 0, to obtain that
An interesting by-product of the above proof is the following fact: Proposition 4.1. Let P n , degðP n Þ ¼ n A N, be a sequence of polynomials with integer coe‰cients and simple zeros. Suppose that E H C is a compact set of capacity 1. Then (2.1) holds if and only if
Proof. The implications (2.1) ) (2.2) ) (4.12) were established in the proof of Theorem 2.1. Hence (2.1) implies (4.13). The converse is immediate from (4.5). r Proof of Theorem 2.2. Let f A CðCÞ have compact support. Note that for any > 0 there are finitely many irreducible factors Q in the sequence P n such that
where tðQÞ is the zero counting measure for Q. Indeed, if we have an infinite sequence of such Q k , k A N, then degðQ k Þ ! y as k ! y, see the explanation given before Theorem 2.2. However, the fact that degðQ k Þ ! y implies that
Let the total number of such exceptional factors Q k be N. Then we have
Hence lim su 
for any polynomial P n with integer coe‰cients, and any compact set E of capacity 1, see (4.1)-(4.5). Hence (2.3) implies (2.1).
Conversely, assume that (2.1) holds true. Then (2.2) follows by Theorem 2.1. Let P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ, n A N. For any e > 0, we find R > 0 such that
by (2.2)(ii). Since there are oðnÞ numbers a k; n outside D R by (2.2)(iii), and since kz À a k; n k E e 2ja k; n j for ja k; n j f R, we obtain that lim su Let kP n k E ¼ jP n ðz n Þj, z n A E, and assume lim n!y z n ¼ z 0 A E by compactness. Definê
and note thatt t n ! Ã m E as n ! y by (2.2)(iii). For the polynomial P P n ðzÞ :¼ Q 
where it is assumed that the partial derivatives f x and f y exist a.e. on R 2 in the sense of the area measure. Theorem 4.2. Let P n ðzÞ ¼ a n Q n k¼1 ðz À a k; n Þ, a n 3 0, be a polynomial with simple zeros.
Suppose that f : C ! R is a continuous function with compact support in the plane, and D½f < y. Then for any r > 0, we have
Proof. Given r > 0, define the measures n r k with dn r k ða k; n þ re it Þ ¼ dt=ð2pÞ, t A ½0; 2pÞ. Let where ds is the arclength on suppðsÞ ¼ fz :
fz : jz À a k; n j ¼ rg , and n G are the inner and the outer normals. Let D R :¼ fz : jzj < Rg be a disk containing the support of f. We now use Green's identity 
The mean value property of harmonic functions gives that
We further deduce that
Ð U n r k dn r j e 1 n 2 À P j3k logja j; n À a k; n j À n log r ; and combine the energy estimates to obtain I ½s e 2 n log MðP n Þ À 1 n 2 logja 2 n DðP n Þj À 1 n log r þ 4r;
where DðP n Þ is the discriminant of P n . Using (4.17), (4.18) and the above estimate, we proceed to (4.16) via the following: j e A and jf y j e A a.e. in C. Also, it is clear that o f ðrÞ e Ar. Since P n has integer coe‰cients and simple zeros, we obtain as before that jDðP n Þj f 1, see [32] , p. 24. Combining this with the inequality ja n j f 1, we have ja 2 n DðP n Þj f 1. Hence (3.2) follows from (4.16) by letting r ¼ 1=n, and inserting the above estimates. Note that we also used log max À n; MðP n Þ Á f log n > 4 for n f 55. jwj e 1; ð1 À logjwjÞ logj1 À zwj; 1 e jwj e e; 0;
jwj f e:
Then f is continuous in C, and f x and f y exist on CnS, where S :¼ fz : jzj ¼ 1 or jzj ¼ eg.
We next obtain that jf x ðwÞj ¼ Oðjz À wj À1 Þ for jwj < 1, and jf x ðwÞj ¼ Oðj1 À zwj À1 Þ for 1 < jwj < e. Clearly, the same estimates hold for jf y j. Hence as n ! y. We let r ¼ n À2 , and use (4.16) to obtain
:
Observe that all constants in O terms are absolute. Recall that jzj ¼ 1 þ 1=n, so that n logjzj ! 1 as n ! y. Thus the estimate for kP n k D follows from the above inequality by the Maximum Principle. r
e Oð ffiffiffiffiffiffiffiffiffiffi log n p Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi log max À n; M ½À2; 2 ðP n Þ Á n s ; n f 25:
Note that M ½À2; 2 ðP n Þ e M for P n A Z s n ð½À2; 2; MÞ. Thus the estimate for kP n k ½À2; 2 follows from the above inequality by the Maximum Principle. r
